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1. Introduction
Let Σ0 and Σ1 be two Riemann surfaces. Let z = x+ iy and w = u + iv be the local complex coordinates of Σ0 and Σ1,
respectively. Denote by M(Σ0) and M(Σ1) the set of all the conformal metric densities deﬁned on Σ0 and Σ1 respectively.
Suppose that w is a C2 homeomorphism from Σ0 onto Σ1, ρ ∈ M(Σ0) and σ ∈ M(Σ1). We say that w is a harmonic
mapping with respect to σ (abbreviated to σ -harmonic mapping) if it satisﬁes the Euler–Lagrange equation (see [11] or [25])
wzz¯ + ∂ logσ(w(z))
∂w
wzwz¯ = 0. (1.1)
Therefore, the harmonicity of w does not depend on the metric of Σ0, but only depends on its conformal structure [25].
The ∂ and ∂¯ energy densities of w with respect to metric densities ρ and σ are deﬁned by
‖∂w‖2 = σ(w)
ρ(z)
|wz|2 and ‖∂¯w‖2 = σ(w)
ρ(z)
|wz¯|2, (1.2)
respectively. If the Jacobian J w of a σ -harmonic mapping w satisﬁes J w > 0, then it is a σ -harmonic diffeomorphism and
the Euler–Lagrange equation (1.1) can be written as
∂z¯
(
σ(w)wz w¯z
)= 0, (1.3)
that is, σ(w)wz w¯z is holomorphic on Σ0. We call σ(w)wz w¯z dz2 the Hopf differential of a σ -harmonic diffeomorphism w .
We will call w a Euclidean harmonic mapping if σ is a positive constant in (1.1). For convenience, we also call it a
π -harmonic mapping. Since the Jacobian of a univalent π -harmonic mapping never vanishes (see [14]), we know that every
univalent Euclidean harmonic mapping is a diffeomorphism. For more knowledge about Euclidean harmonic mappings one
can refer to [8] and [10].
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nonlinear elliptic partial differential equation
f z¯ =
(
a
f¯
f
)
f z, (1.4)
where a(z) is analytic and |a(z)| < 1. Some properties of logharmonic mappings were studied in [2–4,18].
Denote by σP the Poincaré metric density in M(Σ1). If σ is chosen to be σP in (1.1) then w is said to be hyperbolic
harmonic. Some examples of hyperbolic harmonic mappings were given in [9,12,16,20,27].
Reich [22] (see also [28]) studied the Euclidean harmonicity of the inverse of a Euclidean harmonic diffeomorphism and
gave explicit representations. In [6] we proved that a C2-Teichmüller mapping is |φ|-harmonic, where φ is the holomorphic
function determined by the Beltrami coeﬃcient kφ¯/|φ| of its inverse. By the fact that the inverse of a Teichmüller mapping
is still a Teicmüller mapping, we know that the inverse of a C2-harmonic Teichmüller mapping is also a C2-harmonic
Teichmüller mapping. One can refer to [21] for the deﬁnition and more knowledge about Teichmüller mappings. Chen
and Cheung, etc. [5] proved that the inverse of a rotationally symmetric n-harmonic map is also rotationally symmetric
n-harmonic. To study the harmonicity of the inverse of a σ -harmonic diffeomorphism, we pose the following
Question 1. Suppose that w : Σ0 → Σ1 is a harmonic diffeomorphism with respect to σ . Does there exist a conformal
metric density ρ ∈ M(Σ0) such that the inverse h of w is harmonic with respect to ρ?
If the inverse of a σ -harmonic diffeomorphism is ρ-harmonic then we call it a reversible harmonic diffeomorphism with
respect to (ρ,σ ) (abbreviated to (ρ,σ )-reversible harmonic diffeomorphism). Hence, if a diffeomorphism w is (ρ,σ )-reversible
harmonic then its inverse is (σ ,ρ)-reversible harmonic.
Using the ∂ and ∂¯ energy densities (1.2), Schoen and Yau [25] established two Bochner type identities
ρ log‖∂w‖2 = −2Kσ
(‖∂w‖2 − ‖∂¯w‖2)+ 2Kρ
and
ρ log‖∂¯w‖2 = 2Kσ
(‖∂w‖2 − ‖∂¯w‖2)+ 2Kρ,
and used them to prove that a harmonic map between two 2-dimensional compact Riemannian manifolds with negative
curvature is a diffeomorphism, where Kρ and Kσ are the Gauss curvature functions of ρ and σ respectively. Tam and Wan
[26,27] also used them to study the uniqueness and existence of hyperbolic harmonic quasiconformal diffeomorphisms.
Reich [22] (see also [28]) proved that a diffeomorphism w is (π,π)-reversible harmonic if and only if its inverse h satisﬁes
the following partial differential equation
hwwhw¯hw + hw¯w¯hwhw¯ = 0. (1.5)
In essence the above partial differential equation (1.5) can be expressed by the ∂ and ∂¯ energy densities with respect to the
constant metric density pair (π , π ) as follows
hw¯
(‖∂h‖2)w + hw(‖∂¯h‖2)w¯ = 0. (1.6)
We will consider a more general partial differential equation than (1.6), where we replace the metric density pair (π,π) in
(1.6) with (σ ,ρ), and then by the ∂ and ∂¯ energy densities a necessary and suﬃcient condition for Question 1 is obtained
(see Theorem 2.1 in Section 2).
After preassigning two conformal metric densities ρ and σ on Σ0 and Σ1 respectively, we ask the following
Question 2. How many classes of diffeomorphisms from Σ0 onto Σ1 are (ρ,σ )-reversible harmonic?
To this question, Reich [22] (see also [28]) studied the case that ρ = σ = π and showed that there are only three classes
of diffeomorphisms which are (π,π)-reversible harmonic.
If the inverse of a logharmonic mapping is also logharmonic then we call it a reversible logharmonic mapping. In Sec-
tion 3, in contrast with the result of (π,π)-reversible harmonic mappings, we obtain explicit representations of reversible
logharmonic diffeomorphisms (see Theorem 3.1).
If a harmonic mapping is also quasiconformal then we call it a harmonic quasiconformal mapping. For the deﬁnition and
properties of a quasiconformal mapping, one can refer to [1]. When studying the rigidity and deformation problems about
harmonic diffeomorphisms Schoen [23] posed the following
Schoen conjecture. The hyperbolic harmonic quasiconformal homeomorphism of the upper half-plane onto itself are parameterized
by the set of quasisymmetric homeomorphisms of the real axis onto itself.
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of the conjecture (for example see [15–17,19,24,26,27]). But this conjecture is still open until now.
For a σ -harmonic diffeomorphism of Σ0 onto Σ1, if the associated holomorphic function φ(z) of its Hopf differential
does not vanish, then |φ(z)| can be chosen to be a conformal metric density in M(Σ0). Hence, we want to know whether
there exist (|φ|, σ )-reversible harmonic diffeomorphisms. For example, when choosing σ = π we know that the class of
aﬃne mappings is clearly (|φ|,π)-reversible harmonic, where |φ| is a positive constant. By Theorem 3.1, we know there
also exists a class of (|φ|,1/|w|2)-reversible harmonic diffeomorphisms. In Section 4, a necessary and suﬃcient condition
for the existence of (|φ|, σ )-reversible harmonic quasiconformal diffeomorphisms is given (see Theorem 4.1). As an optional
approach to solve the Schoen conjecture it is interesting to study the existence of (|φ|, σP )-reversible harmonic quasicon-
formal diffeomorphism of the upper half-plane onto itself (see Corollary 4.1).
By combining the characterization of the imaginary part of a Euclidean harmonic quasiconformal diffeomorphism of
the upper half-plane onto itself, given by Kalaj and Pavlovic´ [13], with the one of a hyperbolic harmonic quasiconfor-
mal diffeomorphism, given by the authors [7], we show that the solutions to the Schoen conjecture during the class of
(π,σP )-reversible harmonic quasiconformal diffeomorphisms of the upper half-plane onto itself are conformal mappings
(see Theorem 4.2).
2. A necessary and suﬃcient condition for reversible harmonic diffeomorphisms
In this section we will ﬁrst study the harmonicity of the composition of two harmonic diffeomorphisms, and then use it
to obtain a necessary and suﬃcient condition for the ρ-harmonicity of the inverse of a σ -harmonic diffeomorphism.
Let Σ0, Σ1 and Σ2 be three Riemann surfaces with conformal metrics δ|dz|2, σ |dw|2 and ρ|dζ |2 respectively.
Lemma 2.1. Let w be a harmonic diffeomorphism ofΣ0 ontoΣ1 with respect to σ and let h be a harmonic diffeomorphism ofΣ1 onto
Σ2 with respect to ρ . If the composition mapping h ◦ w is a harmonic diffeomorphism of Σ0 onto Σ2 with respect to ρ then
wzwz¯hw
(
log‖∂h‖2)w + w¯z w¯ z¯hw¯(log‖∂¯h‖2)w¯ = 0. (2.1)
Proof. If h ◦ w is harmonic with respect to ρ then by the Euler–Lagrange equation (1.1) it follows that
(h ◦ w)zz¯ + (logρ)ζ (h ◦ w)(h ◦ w)z(h ◦ w)z¯ = 0. (2.2)
Since
(h ◦ w)z = hwwz + hw¯ w¯z, (h ◦ w)z¯ = hwwz¯ + hw¯ w¯ z¯,
and
(h ◦ w)zz¯ = hwwwz¯wz + hww¯ w¯ z¯wz + hwwzz¯ + hw¯wwz¯ w¯z + hw¯w¯ w¯ z¯ w¯z + hw¯ w¯zz¯,
we get from (2.2) that
hwwwz¯wz + hww¯ w¯ z¯wz + hwwzz¯ + hw¯wwz¯ w¯z + hw¯w¯ w¯ z¯ w¯z + hw¯ w¯zz¯
+ (logρ)ζ ◦ (h ◦ w)(hwwz + hw¯ w¯z)(hwwz¯ + hw¯ w¯ z¯) = 0. (2.3)
By the assumption that h and w are harmonic with respect to ρ and σ respectively, it follows that
hww¯ + (logρ)ζ ◦ hhwhw¯ = 0 (2.4)
and
wzz¯ + (logσ)w ◦ wwzwz¯ = 0. (2.5)
From (2.4) and (2.5), the relation (2.3) can be simpliﬁed as
wzwz¯
[
hww + h2w(logρ)ζ − hw(logσ)w
]+ w¯ z¯ w¯z[hw¯w¯ + h2w¯(logρ)ζ − hw¯(logσ)w¯]= 0. (2.6)
Again by (2.4) we have
hww + h2w(logρ)ζ − hw(logσ)w = hw
(
log
ρ(h)
σ
|hw |2
)
w
(2.7)
and
hw¯w¯ + h2w¯(logρ)ζ − hw¯(logσ)w¯ = hw¯
(
log
ρ(h)
σ
|hw¯ |2
)
w¯
. (2.8)
From the deﬁnitions of ∂ and ∂¯ energy densities, the proof of Lemma 2.1 is completed by substituting (2.7) and (2.8) into
(2.6). 
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morphism of Σ0 onto Σ1 with respect to σ and h its inverse. Then w is a (ρ,σ )-reversible harmonic diffeomorphism if and only
if
hw¯
(‖∂h‖2)w + hw(‖∂¯h‖2)w¯ = 0. (2.9)
Proof. Suppose that w is a harmonic diffeomorphism of Σ0 onto Σ1 with respect to σ . Let h be the inverse of w and
Σ2 = Σ0 in Lemma 2.1. If w is a (ρ,σ )-reversible harmonic diffeomorphism then h is harmonic with respect to ρ . By the
deﬁnition of ∂ and ∂¯ energy densities, we can verify that if either hw or hw¯ vanishes, then Eq. (2.9) holds. Next we assume
that both hw and hw¯ do not vanish. Since g = h ◦ w is the identity mapping of Σ0 onto itself, it follows from Lemma 2.1
that
hw¯
hw
= −wzwz¯
w¯z w¯ z¯
(log‖∂h‖2)w
(log‖∂¯h‖2)w¯
. (2.10)
By the assumption that w is the inverse of h, we have
wz ◦ h = hw
Jh
, wz¯ ◦ h = −hw¯Jh , (2.11)
where Jh is the Jacobian of h (see [1]). Substituting (2.11) into (2.10), we obtain
hw¯
hw
= − (log‖∂h‖
2)w
(log‖∂¯h‖2)w¯
.
Thus by conjugation and the deﬁnitions of ∂ and ∂¯ energy densities we have
hw¯
hw
= − (log‖∂h‖
2)w¯
(log‖∂¯h‖2)w
= − (‖∂h‖
2)w¯ |hw¯ |2
(‖∂¯h‖2)w |hw |2
.
So we obtain
hw
hw¯
= − (‖∂h‖
2)w¯
(‖∂¯h‖2)w
.
Hence by conjugation again it follows
hw¯
(‖∂h‖2)w + hw(‖∂¯h‖2)w¯ = 0.
Next we will prove the suﬃciency. Let ζ = h(w) and w = h(z). By the deﬁnitions of ∂ and ∂¯ energy densities we have
‖∂¯h‖2w¯ =
(
ρ(h)hw¯hw¯
σ
)
w¯
= ρζ (h)h
2
w¯hw¯ + ρζ¯ (h)hw¯hw¯hw
σ
+ ρ(h)(hw¯w¯hw¯ + hw¯hw¯w)
σ
− ρ(h)σw¯hw¯hw¯
σ 2
= (ρζ (h)hw¯ + ρζ¯ (h)h¯w)σ − ρ(h)σw¯
σ 2
hw¯hw¯ + ρ(h)
σ
(hw¯w¯hw¯ + hw¯whw¯). (2.12)
Similarly we get
‖∂h‖2w =
(
ρ(h)hwhw
σ
)
w
= (ρζ (h)hw + ρζ¯ h¯w)σ − ρ(h)σw
σ 2
hwhw + ρ(h)
σ
(hwwhw + hww¯hw). (2.13)
If (2.9) holds then by (2.12) and (2.13) it follows that
ρ(h)
σ
[(
hwhw¯(logρ)ζ (h) + |hw¯ |2(logρ)ζ¯ (h)
)|hw |2 − (logσ)whw¯ |hw |2 + |hw |2whw¯
+ (hwhw¯(logρ)ζ (h) + |hw |2(logρ)ζ¯ (h))|hw¯ |2 − (logσ)w¯hw |hw¯ |2 + |hw¯ |2w¯hw]= 0. (2.14)
Since ρ|dζ |2 and σ |dw|2 are conformal metrics, then ρ and σ do not vanish. Hence Eq. (2.14) is equivalent to
(logρ)ζ (h)hwhw¯
(|hw |2 + |hw¯ |2)+ 2(logρ)ζ¯ (h)|hw |2|hw¯ |2
+ (hw¯ |hw |2w + hw |hw¯ |2 )− (logσ)whw¯ |hw |2 − (logσ)w¯hw |hw¯ |2 = 0. (2.15)w¯
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−(logσ)w = wzz¯
wzwz¯
◦ h. (2.16)
Then from (2.11) and (2.16) we have
−(logσ)w |hw |2hw¯ = wzz¯wzwz¯ ◦ hhwhwhw¯ = − J
2
hhwwzz¯ ◦ h, (2.17)
and
−(logρ)w¯hw |hw¯ |2 = wzz¯wzwz¯ ◦ hhwhw¯hw¯ = − J
2
hhw¯ wzz¯ ◦ h. (2.18)
By (2.11) we also obtain
wzz¯ =
(
hw
Jh
◦ h−1
)
z¯
=
(
hw
Jh
)
w
◦ h−1wz¯ +
(
hw
Jh
)
w¯
◦ h−1 w¯ z¯
= (−hww¯ Jh + hw( Jh)w)hw¯ + hw(hww Jh − hw( Jh)w¯)
J3h
◦ h−1. (2.19)
By conjugation it follows that
wzz¯ = (−hww¯ Jh + hw( Jh)w¯)hw¯ + hw(hww Jh − hw( Jh)w)
J3h
◦ h−1. (2.20)
Using (2.17)–(2.20), we get
−(logσ)whw¯ |hw |2 − (logσ)w¯hw |hw¯ |2 = hwhw¯hww¯ + |hw¯ |2hww¯ − h2whww − hw¯hwhww
+ hw( Jh)w¯(|hw |
2 − |hw¯ |2)
Jh
+ hw¯( Jh)w(|hw |
2 − |hw |2)
Jh
= hwhw¯hww¯ + |hw¯ |2hww¯ − h2whww − hw¯hwhww + hw |hw |2w¯ − hw |hw¯ |2w¯ . (2.21)
Moreover, it is obvious that
hw |hw |2w¯ = |hw |2hww¯ + h2whww , (2.22)
and
hw¯ |hw |2w = hw¯hwhww + hwhw¯hw¯w . (2.23)
Then from (2.21)–(2.23) the equality (2.15) can be simpliﬁed as(|hw |2 + |hw¯ |2)((logρ)ζ ◦ hhwhw¯ + hww¯)+ 2hwhw¯(logρ)ζ ◦ hhwhw¯ + hww¯) = 0. (2.24)
By the assumption that w is a harmonic diffeomorphism it is true that J w = |wz|2 − |wz|2 > 0. Since h is the inverse of
w it implies that Jh = 1J w ◦ h−1 > 0. Thus it follows that
|hw | > |hw¯ |.
Hence the above inequality implies that
2|hwhw¯ |
|hw |2 + |hw¯ |2 < 1. (2.25)
So by (2.24) and (2.25) we have
hww¯ + (logρ)ζ ◦ hhwhw¯ = 0,
i.e., h is harmonic with respect to ρ . By deﬁnition we know that w is a (ρ,σ )-reversible harmonic diffeomorphism. 
Example 2.1. Li and Tam [16] constructed a hyperbolic harmonic diffeomorphism w = u + iv of the upper half-plane onto
itself as follows
u(x, y) = x, v(x, y) = sinh(y), z = x+ iy.
Since the inverse h of w has the representation h = u + iarsh(v), it follows that w is a (ρ,σP )-reversible harmonic diffeo-
morphism of the upper half-plane onto itself, where ρ(z) = coth2(y).
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the following
Theorem A. If w is a C2-Teichmüller mapping of Ω0 onto Ω1 and the associated holomorphic quadratic differential of its inverse
mapping is φ(w)dw2 then w is a ρ-harmonic mapping if and only if ρ = c|φ|, where c is a positive constant.
Example 2.2. Let ϕ(z)dz2 be the associated quadratic differential of a C2-Teichmüller mapping w of Ω0 onto Ω1, and
φ(w)dw2 be the associated holomorphic quadratic differential of its inverse mapping. By Theorem A we see that w is |φ|-
harmonic. The inverse of a Teichmüller mapping is still a Teichmüller mapping. Hence by Theorem A we know that h = w−1
is |ϕ|-harmonic. A class of (|ϕ|, |φ|)-reversible harmonic quasiconformal diffeomorphisms is obtained.
3. Explicit representations of reversible logharmonic mappings
By solving the differential equation (1.5), Reich [22] (see also [28]) showed that h is one of the following three kinds of
mappings: (1) conformal mappings, (2) aﬃne transformations, (3) mappings of the form
h(w) = A[αw + β + log(1− e−αw−β)− log(1− e−αw−β)]+ B,
where A, B , α, β are constants and (αw + β) > 0. It is easy to see that they obtained three classes of (π,π)-reversible
harmonic diffeomorphisms.
As an application of Theorem 2.1, in comparison with the (π,π)-reversible harmonic diffeomorphisms, we want to give
explicit solutions of reversible logharmonic diffeomorphisms. In fact we obtain
Theorem 3.1. Let w be a logharmonic mapping. If its inverse h is also logharmonic then h belong to the following three classes of
mappings (i) conformal mappings, (ii) h = Awαwβ , here A, α and β are all constants, (iii)mappings of the form h = HG with
H =
(
β
α
wαθ + γ
) 1
θ
, G = β
θ
K w
αθ
K
H
θ
K
,
where α, β , θ , K and γ are non-zero constants.
Proof. Suppose that the inverse h of a logharmonic mapping w is also logharmonic. Let ρ(h) = 1/|h|2 and σ(w) = 1/|w|2.
We have that w is ρ-harmonic and h is σ -harmonic. Then by Theorem 2.1 we have
hw¯hw
(
hww − h
2
w
h
+ hw
w
)
+ hwhw¯
(
hw¯w¯ −
h2w¯
h
+ hw¯
w¯
)
= 0. (3.1)
Let h = HG , where H and G are two holomorphic functions. We get from the relation (3.1) that
HGH ′G ′
(
H ′′ − H
′2
H
+ H
′
w
)
G + HGH ′G ′
(
G ′′ − G
′2
G
+ G
′
w
)
H = 0. (3.2)
If G ′ vanishes, then the above relation holds clearly. That is, a conformal mapping is a reversible logharmonic diffeomor-
phism. Now suppose that G ′ does not vanish. Then we can simplify the relation (3.2) as follows
HG
H ′G ′
(
H ′′
H
− H
′2
H2
+ H
′
Hw
)
= − HG
H ′G ′
(
G ′′
G
− G
′2
G2
+ G
′
Gw
)
.
Hence, there exists a constant η such that
H ′′
H
− H
′2
H2
+ H
′
H
1
w
= η2
(
G ′′
G
− G
′2
G2
+ G
′
G
1
w
)
. (3.3)
If η = 0, then we get that
H ′′
H ′
− H
′
H
+ 1
w
= 0, G
′′
G ′
− G
′
G
+ 1
w
= 0.
Thus we have that H = cwα and G = dwβ , where c, d, α and β are all non-zero constants. That is, h = Awαwβ , here
A = cd¯. Otherwise, we have |η| = 1. Set P = H ′/H and Q = Q ′/Q . Then the relation (3.3) turns into a ﬁrst-order linear
differential equation
(
P − η2Q )′ + 1 (P − η2Q )= 0.w
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P − η2Q = α
w
.
That is,
H ′
H
− η2 G
′
G
= α
w
. (3.4)
From the differential equation (3.3), we know that there exists a constant K such that
H ′′
H
− H
′2
H2
+ H
′
Hw
= K H
′
H
G ′
G
. (3.5)
Combing (3.4) with (3.5), we get a second-order differential equation
H ′′
H ′
− (1+ K η¯2)H ′
H
+ (1+ αK η¯2) 1
w
= 0.
Let θ = −K η¯2. After integrating the above differential equation there exist two non-zero constants β and γ such that
H =
(
β
α
wαθ + γ
) 1
θ
, G = β
θ
K w
αθ
K
H
θ
K
.
The proof of Theorem 3.1 is complete. 
4. Application to Schoen conjecture
As another application of Theorem 2.1, next we will give a necessary and suﬃcient condition for the inverse of a σ -
harmonic diffeomorphism w to be harmonic with respect to the modulus of the holomorphic function σP (w)wzwz¯ . This
can be an optional approach to solve the Schoen conjecture.
Theorem 4.1. Let h be a ρ-harmonic diffeomorphism of Σ0 onto Σ1 and φ = ρ(h)hwh¯w . If φ does not vanish then the inverse of h is
|φ|-harmonic if and only if
hw¯ w¯
hw¯
+ (logρ)ζ ◦ hhw¯ − (logφ)w2 = 0. (4.1)
Proof. Let h be the inverse of a (ρ,σ )-reversible harmonic diffeomorphism of Σ0 onto Σ1, the relation (2.9) is equivalent
to the following relation
hw¯hw
(
hww + (logρ)ζ ◦ hh2w − (logσ)whw
)+ hwhw¯(hw¯w¯ + (logρ)ζ ◦ hh2w¯ − (logσ)w¯hw¯)= 0,
ζ = h(w). (4.2)
Let φ = ρ(h)hwhw¯ . If |φ| does not vanish then it can be chosen to be a conformal metric density. If σ is chosen to be |φ|,
then by the fact that hw¯ does not vanish Eq. (4.2) turns into
hw φ¯
(
hww
hw
+ (logρ)ζ ◦ hhw − (logφ)w
2
)
+ hw¯φ
(
hw¯w¯
hw¯
+ (logρ)ζ ◦ hhw¯ − (logφ)w2
)
= 0.
Using the relation (logρ)ζ ◦ hhw = (logρ ◦ h)w − (logρ)ζ¯ ◦ hhw¯ , we have from the above equality that
hwφ
(
(logφ)w
2
− hw¯w¯
hw¯
− (logρ)ζ ◦ hhw¯
)
= hw¯φ
(
(logφ)w
2
− hw¯w¯
hw¯
− (logρ)ζ ◦ hhw¯
)
.
By the assumption that h is a diffeomorphism it follows that |hw¯ | < |hw |. Hence we obtain that
hw¯w¯
hw¯
+ (logρ)ζ ◦ hhw¯ − (logφ)w2 = 0.
The proof of Theorem 4.1 is complete. 
Example 4.1. Let h = Awαwβ , where A,α,β are positive constants. Then h is a logharmonic diffeomorphism and its inverse
is |φ|-harmonic with φ = 1/w2.
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Hopf differential. If φ does not vanish, then the inverse of h is |φ|-harmonic if and only if it satisﬁes that
hw¯ w¯ − 2
h − h¯ h
2
w¯ −
1
2
(logφ)whw¯ = 0. (4.3)
Remark. Let h = x+ i sinh(y). Then h is a non-conformal hyperbolic harmonic diffeomorphism of the upper half-plane onto
itself and its Hopf differential is a negative constant differential. By Example 2.1, we know that the inverse of h is harmonic
with respect to coth2(y). Hence, the inverse of a hyperbolic harmonic diffeomorphism is not necessary to be harmonic with
respect to the modulus of the associated holomorphic function of its Hopf differential.
It is interesting to ask whether there exist a hyperbolic harmonic quasiconformal diffeomorphism such that its inverse is
harmonic with respect to the modulus of its Hopf differentials. That is, does there exist a (π,σP )-reversible harmonic quasi-
conformal diffeomorphism? To answer this question, we need some characterizations of Euclidean harmonic quasiconformal
mappings of the upper half-plane onto itself, given by Kalaj and Pavlovic´ recently as follows
Theorem B. (See [13].) Let w be a Euclidean harmonic mapping of the upper half-plane into itself. Then the following assertions are
equivalent.
(a) w is a quasiconformal mapping of R2+ onto itself.
(b) There are positive constants c and M such that v(y) = cy, and 1/M  ux  M and |uy| M for all z the upper half-plane.
(c) w is a bi-Lipschitz mapping of the upper half-plane onto itself.
We also need a characterization of a hyperbolic harmonic quasiconformal diffeomorphism of the upper half-plane onto
itself obtained by Chen and Fang as follows
Theorem C. (See [7].) Suppose that h = u + iv is a hyperbolic harmonic quasiconformal diffeomorphism of the upper half-plane onto
itself. If v(x, y) = v(y) then h = c(x+ iy)+ b, where c > 0 and b is a real number.
Now we can conclude that
Theorem 4.2. A quasiconformal diffeomorphism h of the upper half-plane onto itself is (π,σP )-reversible harmonic if and only if h is
a conformal mapping.
Proof. Let ζ = u + iv = h(w) and w = x + iy. By the assumption that the inverse h−1 of h is a Euclidean harmonic quasi-
conformal diffeomorphism of the upper half-plane onto itself, we have from Theorem B that the imaginary part of h−1 only
depends on v . Thus the imaginary part of h also only depends on y. Therefore by Theorem C we know that h is a conformal
mapping. 
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